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Abstract
Let G be a planar graph without adjacent 3-cycles, that is, two cycles of length 3 are not incident with a common edge. In this
paper, it is proved that the total coloring conjecture is true for G; moreover, if ∆(G) ≥ 9, then the total chromatic number χ ′′(G)
of G is∆(G)+ 1. Some other related results are obtained, too.
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1. Introduction
In this paper, all graphs are finite, simple and undirected. We use V (G), E(G), δ(G) and∆(G) to denote the vertex
set, the edge set, the minimum degree and the maximum degree of a graph G. If uv ∈ E(G), then u is said to be the
neighbor of v. We use N (v) to denote the set of neighbors of a vertex v. The degree d(v) = |N (v)|. A k-vertex is a
vertex of degree k. A triangle is a cycle of length 3.
A total k-coloring of a graph G is a coloring of V (G)∪ E(G) using k colors such that no two adjacent or incident
elements receive the same color. The total chromatic number χ ′′(G) is the smallest integer k such that G has a total
k-coloring. Behzad and Vizing posed independently the following famous conjecture, known as the total coloring
conjecture(TCC).
Conjecture 1. For any graph G, ∆(G)+ 1 ≤ χ ′′(G) ≤ ∆(G)+ 2.
Clearly, the lower bound is trivial. The upper bound has not been proved for all values of ∆. Conjecture 1 is true
for∆ ≤ 2,∆ = 3 (see Theorem 4.6 in [7]),∆ = 4 [3] and∆ = 5 [4]. For planar graphs, more is known. Conjecture 1
is true for planar graphs with ∆ ≥ 8 (Theorem 7.2 in [7]) and ∆ = 7 [5]. So the only case for planar graphs that
remained unsolved is ∆ = 6. In this paper, we will prove that Conjecture 1 is true for all planar graphs without
adjacent 3-cycles. In the following, we assume that a planar graph G is always embedded in the plane and F(G) is
the set of faces of G. The degree of a face f , denoted by d( f ), is the number of edges incident with it, where each
cut-edge is counted twice.
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2. The total coloring conjecture is true for all planar graphs without adjacent triangles
Now, we will prove the following theorem.
Theorem 1. Let G be a planar graph without adjacent triangles. If ∆ ≤ 6, then χ ′′(G) ≤ 8.
Proof. Let G = (V, E, F) be a minimal counterexample to Theorem 1. Then
(a) G is 2-connected, and
(b) any vertex is incident with at most b d(v)2 c 3-faces, and
(c) G contains no edge uv with min{d(u), d(v)} ≤ 3 and dG(u)+ dG(v) ≤ 8, and
(d) for any triangle uvwu, d(u) ≤ d(v) ≤ d(w), we have d(v) ≥ 5 and d(u) ≥ 4.
Parts (a) and (b) are obvious. If G contains an edge uv with d(u) ≤ 3 and dG(u) + dG(v) ≤ 8, Then G − uv has
a total 8-coloring ϕ (by the minimality of G). Now erase the color on u, and then color uv and u in turn, since the
number of colors that we have used is at most 8 − 1 + 1 = 8 for uv and 3 + 3 = 6 < 8 for u, this contradicts the
choice of G as a counterexample and so proves (c).
By (c), we have δ(G) ≥ 3 since∆(G) ≤ 6. Now we will prove (d). Suppose that d(u) = 3. Let N (u)\{v,w} = {x}.
Then d(v) = d(w) = d(x) = ∆(G) = 6 by (c). Let H = G − uv. Since G is minimal, the graph H has a total
8-coloring ϕ. First, erase the color on u. Denote by C the set of eight colors, by C ′ the set of colors used to color
edges adjacent to uv, and define C ′′ = C ′ ∪ {ϕ(v)}. If |C ′′| < 8, that is, there is a color c ∈ C \ C ′′, then we can
color uv with c and recolor u again. So we will assume C ′′ = C and let C(x) be the set of colors which are used to
color x and its incident edges. Now if ϕ(uw) 6∈ C(x), then recolor ux and vw with ϕ(uw), uw with ϕ(vw), color uv
with ϕ(ux). Otherwise, first color uv with ϕ(ux), and since |C(x)| < 8 we can recolor ux with a color in C \ C(x).
Finally, recolor u. Thus we obtain a total 8-coloring of G, a contradiction. So d(u) ≥ 4.
Suppose that d(u) = d(v) = 4. Let G ′ = G − uv. By the minimality of G, G ′ has a total 8-coloring ϕ. Since
dG ′(u) = dG ′(v) = 3, we may assume that ϕ(u) 6= ϕ(v) (otherwise we can change ϕ(u)). Let C be the set of colors
used to color edges adjacent to uv. If ϕ(w) 6∈ C , then color uv with ϕ(w). Otherwise, without loss of generality, we
may assume that an edge e incident with u is colored with ϕ(w). Then we erase the color on u. It follows that at least
one color is available for uv, and then we recolor u. This is possible because d(u) = 4, and e and w share the same
color. Now G has a total 8-coloring, a contradiction with the fact that G is a counterexample. Hence (d) holds.
By Euler’s formula |V | − |E | + |F | = 2, and∑v∈V d(v) =∑ f ∈F d( f ) = 2|E |, we have∑
v∈V
(d(v)− 4)+
∑
f ∈F
(d( f )− 4) = −4(|V | − |E | + |F |) = −8 < 0. (1)
We define ch to be the initial charge. Let ch(x) = d(x) − 4 for each x ∈ V (G) and ch(x) = d(x) − 4 for each
x ∈ F(G). In the following, we will reassign a new charge denoted by ch′(x) to each x ∈ V (G)∪ F(G) according to
the discharging rules. Since our rules only move charges around, and do not affect the sum, we have∑
x∈V (G)∪F(G)
ch′(x) =
∑
x∈V (G)∪F(G)
ch(x) = −8. (2)
If we can show that ch′(x) ≥ 0 for each x ∈ V (G) ∪ F(G), then we obtain a contradiction to (2), completing the
proof. The discharging rules are defined as follows.
R1-1: Each 3-vertex receives 13 from each of its neighbors.
R1-2: Each 3-face receives 12 from each of its incident 5
+-vertices.
Let f be a face of G. Clearly, ch′( f ) = ch( f ) = d( f ) − 4 ≥ 0 if d( f ) ≥ 4. Suppose d( f ) = 3. By (d), f is
incident with at least two 5+ vertices and it follows by R1-2 that ch′( f ) ≥ ch( f ) + 2 × 12 = 0. Let v be a vertex of
G. If d(v) = 3, then ch′(v) = ch(v)+ 3× 13 = 0 by R1-1. If d(v) = 4, then ch′(v) = ch(v) = 0. If d(v) = 5, then
ch′(v) ≥ ch(v) − 2 × 12 = 0 by (b) and R1-2. If d(v) = 6, then ch′(v) ≥ ch(v) − 6 × 13 = 0 by R1-1 and R1-2.
Hence we complete the proof of the theorem. 
Since Conjecture 1 is true for all planar graphs with ∆ > 6, we have the following corollary.
Corollary 2. If G is a planar graph without adjacent triangles, then the total coloring conjecture is true.
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3. Planar graphs with large maximum degree and without adjacent triangles
Borodin, Kostochka and Woodall [1] proved that a planar graph G with maximum degree ∆ ≥ 11 has χ ′′(G) =
∆(G) + 1, and they also obtained in [2] several related results assuming some conditions on the girth as well. Here,
we prove the following theorem.
Theorem 3. Let G be a planar graph without adjacent triangles. If ∆ ≥ 9 then χ ′′(G) = ∆(G)+ 1.
Proof. Let G = (V, E, F) be a minimal counterexample to Theorem 3. Then
(a) G is 2-connected, and
(b) any vertex is incident with at most b d(v)2 c 3-faces, and
(c) let G2 be the subgraph induced by all edges incident with 2-vertices of G; then G2 is forest, and
(d) G contains no edge uv with min{d(u), d(v)} ≤ 4 and dG(u)+ dG(v) ≤ 10.
Parts (a) and (b) are obvious. The proofs of (c) and (d) are similar to that of Lemma 1 in [1]. Since G2 is a forest,
one can find a matching M in G saturating all 2-vertices. If uv ∈ M and d(u) = 2, v is called the 2-master of u and
u is called the dependent on v. Each 2-vertex has a 2-master and each vertex of degree at least 9 can be the 2-master
of at most one 2-vertex.
Let X be the set of vertices of degree at most 3 and Y = ∪x∈X N (x). By (d), X is an independent set of G. Let K
be the induced bipartite subgraph of G with partite sets X and Y .
Lemma 4 ([6]). If X 6= ∅, then G contains a bipartite subgraph B = (X, Y ) in K such that dB(x) = 1 and
dB(y) ≤ 2 where x ∈ X and y ∈ Y .
We call y the 3-master of x if xy ∈ B and x ∈ X . It follows from this lemma that each vertex of degree 2 or 3 has
a 3-master, and each vertex of degree at least ∆(G)− 1 can be the 3-master of at most two vertices.
By Euler’s formula |V | − |E | + |F | = 2, we have∑
v∈V
(d(v)− 4)+
∑
f ∈F
(d( f )− 4) = −4(|V | − |E | + |F |) = −8 < 0. (1)
We define ch to be the initial charge. Let ch(x) = d(x) − 4 for each x ∈ V (G) and ch(x) = d(x) − 4 for each
x ∈ F(G). In the following, we will reassign a new charge denoted by ch′(x) to each x ∈ V (G)∪ F(G) according to
the discharging rules. Since our rules only move charges around, and do not affect the sum, we have∑
x∈V (G)∪F(G)
ch′(x) =
∑
x∈V (G)∪F(G)
ch(x) = −8. (2)
If we can show that ch′(x) ≥ 0 for each x ∈ V (G) ∪ F(G), then we obtain a contradiction to (2), completing the
proof.
Now we are ready to construct a new charge ch′(x) on G as follows:
R2-1: Each 2-vertex receives 1 from its 2-master, and receives 1 from its 3-master.
R2-2: Each 3-vertex receives 1 from its 3-master.
R2-3: Each 3-face receives 12 from each of its incident vertices of degree at least 5.
Let f be a face of G. Clearly, ch′( f ) = ch( f ) = d( f ) − 4 ≥ 0 if d( f ) ≥ 4. Suppose d( f ) = 3. By (d),
f is incident with at least two 5+ vertices and it follows that ch′( f ) ≥ ch( f ) + 2 × 12 = 0. Let v be a vertex of
G. If d(v) = 2, then ch′(v) = ch(v) + 2 = 0 by R2-1. If d(v) = 3, then ch′(v) = ch(v) + 1 = 0 by R2-2. If
d(v) = 4, then ch′(v) = ch(v) = 0. If d(v) = 5, then it is incident with at most two 3-faces and it follows that
ch′(v) ≥ ch(v) − 2 × 12 = 0. If d(v) = 6 or 7, then ch′(v) ≥ ch(v) − 3 × 12 > 0. If d(v) = 8, then v may
be the 3-master of at most two vertices and it follows that ch′(v) ≥ ch(v) − 2 − 4 × 12 = 0. If d(v) ≥ 9, then
ch′(v) ≥ ch(v)− 3− b d(v)2 c × 12 ≥ 0. Hence we complete the proof of the theorem. 
In the proof of Theorem 3, we have
∑
x∈V∪F ch(x) =
∑
x∈V∪F ch′(x) > 0. So we have the following corollary.
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Corollary 5. Let G be a graph with maximum degree ∆ ≥ d embedded in a surface of nonnegative characteristic. If
G has no adjacent triangles and d ≥ 9, then χ ′′(G) = ∆+ 1.
Theorem 6. Let G be a planar graph with maximum degree∆ such that any two triangles of G are not adjacent and
G has no cycle of length from 5 to k, where k ≥ 5. Then χ ′′(G) = ∆(G)+ 1 if one of the following conditions holds:
(1) ∆ ≥ 7 and k ≥ 5, (2) ∆ ≥ 6 and k ≥ 6, (3) ∆ ≥ 5 and k ≥ 12.
Proof. Let G = (V, E, F) be a minimal counterexample to any of (1)–(3) in Theorem 6. Like in the proof of
Theorem 3,
(a) G is 2-connected, and
(b) any vertex is incident with at most b d(v)2 c 3-faces, and
(c) each 2-vertex has a 2-master and each vertex of degree ∆(G) can be the 2-master of at most one 2-vertex, and
(d) G contains no edge uv with min{d(u), d(v)} ≤ b∆(G)2 c and dG(u)+ dG(v) ≤ ∆(G)+ 1.
Since G does not contain cycles of length 5, we have that
(e) any 3-face is not adjacent to 4-faces, that is, all faces adjacent to a 3-face are 6+-faces.
Since G is a planar graph, by Euler’s formula, we have∑
x∈V
(d(v)− 4)+
∑
f ∈F
(d( f )− 4) = −4(|V | − |E | + |F |) = −8 < 0, (E)
Let ch(x) = d(v)− 4 if x ∈ V (G) and ch(x) = d( f )− 4 if x ∈ F(G). It follows from (E) that∑x∈V∪F ch(x) < 0.
Now we begin the proof of (1) in Theorem 6. Then each vertex of degree at most 3 has a 3-master. Each vertex of
degree at least ∆− 1 can be the 3-master of at most two vertices. Now we are ready to construct a new charge ch′(x)
on G as follows:
R11: If a r (≥ 6)-face f1 is adjacent to a 3-face f2, then f1 sends 13 to f2.
R12: Each 2-vertex receives 1 from its 3-master, and receives 1 from its 2-master.
R13: Each 3-vertex receives 1 from its 3-master.
By (d), d(v) ≥ ∆ ≥ 7 if a vertex v is the 2-master of some vertex, d(v) ≥ ∆ − 1 ≥ 6 if v is the 3-master
of some vertices. Let f be a face of G. If d( f ) = 3, then ch′( f ) = ch( f ) + 3 × 13 = 0 by R11. If d( f ) = 4,
then ch′( f ) = ch( f ) = 0. If d( f ) ≥ 6, then ch′( f ) ≥ ch( f ) − d( f ) × 13 ≥ 0. Let v be an arbitrary vertex
of G. If d(v) = 2, then ch′(v) = ch(v) + 2 = 0 by R12. If d(v) = 3, then ch′(v) = ch(v) + 1 = 0 by R13.
If d(v) = 4 or 5, then ch′(v) = ch(v) ≥ 0. If d(v) = 6, it can be the 3-master of at most two vertices and it
follows that ch′(v) ≥ ch(v) − 2 = 0. If d(v) ≥ 7, then ch′(v) ≥ ch(v) − 3 ≥ 0 by R12 and R13. It follows that∑
x∈V∪F ch(x) =
∑
x∈V∪F ch′(x) ≥ 0, a contradiction with (E). This completes the proof of (1).
Note that (1) implies that (2) is true if∆ ≥ 7. Hence, it is sufficient to prove (2) by assuming∆ = 6. To prove (2),
we construct the new charge ch′(x) on G as follows:
R21: Each 2-vertex receives 2 from its 2-master.
R22: If a r(≥ 7)-face f1 is adjacent to a 3-face f2, then f1 sends 13 to f2.
R23: If a r(≥ 7)-face f is incident with a 3-vertex v, then f sends 12 to v.
Let f be a face of G. If d( f ) = 3, then ch′( f ) = ch( f )+3× 13 = 0 by R22. If d( f ) = 4, then ch′( f ) = ch( f ) =
0. Suppose d( f ) ≥ 6. Then f is incident with at most b d( f )2 c 3-vertices, and if f is incident with a 3-vertex v, then at
most one of two edges incident with f and v is incident with a 3-face. So the total number of 3-faces and 3-vertices
incident with f is at most d( f ), and it follows that ch′( f ) ≥ ch( f )− b d( f )2 c × 12 − (d( f )− b d( f )2 c)× 13 > 0. Let v
be an arbitrary vertex of G. If d(v) = 2, then ch′(v) = ch(v)+ 2 = 0 by R21. If d(v) = 3, then it is incident with at
least two 7+-faces, and it follows that ch′(v) ≥ ch(v)+2× 12 = 0 by R23. If d(v) = 4 or 5, then ch′(v) = ch(v) ≥ 0.
If d(v) = 6, it can be 2-master of some 2-vertex and it follows that ch′(v) ≥ ch(v) − 2 = 0 by R21. It follows that∑
x∈V∪F ch(x) =
∑
x∈V∪F ch′(x) ≥ 0, a contradiction with (E). This completes the proof of (2).
Finally, let’s prove (3). It follows from (2) that it suffices to prove (3) assuming ∆ = 5. We construct the new
charge ch′(x) on G as follows:
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R31: Each 2-vertex receives 2 from its 2-master.
R32: Every 12+-face sends 23 to each of its incident vertices.
R33: Each 3-face receives 13 from each of its incident vertices.
It is obvious that ch′( f ) ≥ 0 for every face f ∈ F(G). Let v be an arbitrary vertex of G. Suppose d(v) = 2.
If v is not incident with any 3-face, then ch′(v) = ch(v) + 2 = 0 by R31; otherwise, v receives at least 23 from
its incident 12+-face and it follows that ch′(v) ≥ ch(v) + 2 + 23 − 13 > 0. If d(v) ≥ 3, then it is incident with
at least two 12+-faces. So if d(v) = 3, then ch′(v) ≥ ch(v) + 2 × 23 − 13 = 0 by R32 and R33. If d(v) = 4,
then ch′(v) ≥ ch(v) + 2 × 23 − 2 × 13 > 0. Suppose d(v) = 5. If v is incident with at most one 3-face,
then ch′(v) ≥ ch(v) − 2 + 2 × 23 − 13 = 0; otherwise, v is incident with three 12+-faces and it follows that
ch′(v) ≥ ch(v) − 2 + 3 × 23 − 2 × 13 > 0. Hence
∑
x∈V∪F ch(x) =
∑
x∈V∪F ch′(x) ≥ 0, a contradiction with
(E). This completes the proof of (3). 
References
[1] O.V. Borodin, A.V. Kostochka, D.R. Woodall, Total colorings of planar graphs with large maximum degree, J. Graph Theory 26 (1997) 53–59.
[2] O.V. Borodin, A.V. Kostochka, D.R. Woodall, Total colourings of planar graphs with large girth, European J. Combin. 19 (1998) 19–24.
[3] A.V. Kostochka, The total coloring of a multigraph with maximum degree 4, Discrete Math. 17 (1977) 161–163.
[4] A.V. Kostochka, The total chromatic number of any multigraph with maximum degree five is at most seven, Discrete Math. 162 (1996) 199–214.
[5] D.P. Sanders, Y. Zhao, On total 9-coloring planar graphs of maximum degree seven, J. Graph Theory 31 (1999) 67–73.
[6] P. Wang, J.L. Wu, A note on total colorings of planar graphs without 4-cycles, Discussiones Mathematicae Graph Theory 24 (2004) 125–135.
[7] H.P. Yap, Total colourings of graphs, in: Lecture Notes in Mathematics, vol. 1623, Springer, London, 1996.
